that in each family A (G, V, u, B) there are finitely many coalgebra types. Since all the members of this family also have the same algebra type, one might wonder if there are finitely many algebra (or, equivalently, coalgebra) types of Hopf algebras of a given dimension. We do not conjecture this, but it would be interesting to find a counterexample.
Finally, we apply the results of this paper to the theory of tensor categories. Namely, we start by recalling Schauenburg's theorem that if H 1 , H 2 are finitedimensional Hopf algebras such that Rep(H 1 ) is equivalent to Rep(H 2 ) as a tensor category then H 1 , H 2 are twist equivalent (we give a simple proof of this result, which also works in the more general case of quasi-bialgebras). This theorem implies that if (S 2 V ) G = 0 then in the family of tensor categories Rep(A(G, V, u, B) * ), each member is equivalent to at most finitely many other members. On the other hand, there are only finitely many types of abelian categories among them (since there are finitely many algebra types of the underlying Hopf algebras). Thus we get an example of a finite abelian category (i.e. one equivalent to the representation category of a finite-dimensional algebra) which admits infinitely many non-equivalent rigid tensor structures with a fixed Grothendieck ring. As far as we know, such examples were not previously available, and moreover it was shown by Ocneanu (unpublished) that they cannot exist for semisimple categories.
The set of isomorphism classes of A(G, V, u, B)
Throughout the paper, the ground field is the field of complex numbers C. Let G be a finite group, V a finite-dimensional representation of G over C, u ∈ G a central element satisfying u 2 = 1 and u |V = −1, and B ∈ S 2 V a symmetric 2−tensor. Recall from [EG1] that a triangular Hopf algebra A = A (G, V, u, B) with the Chevalley property can be associated to (G, V, u, B) in the following way.
Let C [G ⋉ V ] be the group algebra of the supergroup G ⋉ V (i.e., the Hopf superalgebra C [G] ⋉ ΛV ), and set J := e B ∈ C[G ⋉ V ] ⊗2 . Then it was shown in [AEG] that J is a twist for C[G ⋉ V ], so we can form the Hopf superalgebra C [G ⋉ V ] J , and then modify it using u to get the Hopf algebra A = A(G, V, u, B) (see [AEG, Section 3] ). 
Proof. Let us first prove the "if" direction. We need to show that
To this end we note that for any g ∈ G, α ∈ ΛV, and J = e B the coproduct in
where B g (x, y) := B(gx, gy) (here we used the fact that B is even, hence central in ΛV ⊗ ΛV ). Therefore if we replace B by B + B ′ , where B ′ ∈ (S 2 V ) G , the isomorphism type of the Hopf algebra A(G, V, u, B) does not change.
Conversely, suppose ξ : A 1 → A 2 is an isomorphism of Hopf algebras. Taking quotients by the radicals, we get an isomorphism of Hopf algebras
hence an isomorphism of groups φ : G 1 → G 2 . Since the only non-trivial 1 : g skew-primitive elements in A 1 , A 2 , arise for g = u 1 , u 2 , respectively, we must have φ(u 1 ) = u 2 . Therefore, ξ induces an isomorphism between the Hopf superalgebras
, hence between the spaces V 1 , V 2 of their primitive elements. Let us call this isomorphism η. Clearly, η is a
Let us denote by Aut(G, V) the group of all pairs (φ, η) where φ : G → G is an automorphism and η : V → φ * (V ) is a G−isomorphism.
Corollary 2.2. The set of Hopf algebra isomorphism classes of A (G, V, u, B) , for
Remark 2.3. It follows from Corollary 2.2 that a non-trivial continuous family of Hopf algebras A (G, V, u, B) , with fixed G, V, u, exists if and only if the quotient space
3. twist equivalence classes of A (G, V, u, B) Recall that for any B, B ′ , the Hopf algebras A (G, V, u, B) and A(G, V, u, B ′ ) are twist equivalent as triangular Hopf algebras (see [AEG] ). To the contrary, for the dual Hopf algebras we have the following theorem. 
The rest of the section is devoted to the proof of Theorem 3.1. Let F be a functor and let R i F denote its i−th derived functor (R 0 F := F ). Recall that by a result of Grothendieck, if Q is an exact functor then
In the following lemma we calculate the Hochschild cohomology of C[G⋉V ] with coefficients in the trivial bimodule
) be the functor defined by F (X) = Hom ΛV (X, C), and let Q : Rep(C [G] ) → Vect be the functor defined by
Then Q is exact, and QF (X) = Hom C [G] ⋉ΛV (X, C). Therefore, on the one hand,
and on the other hand,
where the last equality follows from the Koszul duality.
Recall that a linear form Φ : H ⊗ H → C is called a Hopf 2−cocycle for H if it has an inverse Φ −1 under the convolution product * in Hom C (H ⊗ H, C), and satisfies:
for all a, b, c ∈ H.
Given a Hopf 2−cocycle Φ for H, one can construct a new Hopf algebra
as follows. As a coalgebra, H Φ = H. The new multiplication is given by
for all a, b ∈ H. The new antipode is given by
Note that it is straightforward to verify that if H is finite-dimensional, then Φ ∈ H * ⊗ H * is a Hopf 2−cocycle for H if and only if it is a twist for H * (here we do not impose the counit property on the twist). So, in particular, the group (H * ) × of invertible elements in H * acts as gauge transformations on the set of Hopf 2−cocycles for H. 
using Lemma 3.2. Thus, τ x is surjective, which implies that X/L is finite by Proposition 7.1.
We are now ready to prove Theorem 3.1. Proof of Theorem 3.1. By Proposition 3.3, there exist finitely many gauge equivalence classes of Hopf 2−cocycles Φ such that A (G, V, u, B) Φ is isomorphic to C [G ⋉ V ] as an algebra, with the usual counit. This implies that there exist finitely many isomorphism classes of Hopf algebras A(G, V, u, B ′ ) which are twist equivalent to A (G, V, u, B) by twisting of multiplication. By Corollary 2.2, this implies the theorem.
32−dimensional examples
As we remarked in the introduction, examples of non-trivial continuous families of triangular Hopf algebras occur already in dimension 32. Here we describe these families, and identify them with the families studied in [Gr] .
More specifically, in [Gr] Graña classified all complex 32−dimensional pointed Hopf algebras H, and showed that they fall into finitely many isomorphism classes, except for three 1−parameter continuous families (a family with G(H) = Z 4 × Z 2 , and two families with G(H) = Z 8 ). We will prove the following result. [Gr] are of the form A (G, V, u, B) * for appropriate G, V, u, B.
Proof. To prove the theorem, we will construct three families of 32−dimensional pointed Hopf algebras as A(G, V, u, B) * , after which it will not be difficult to see that they are identical to the families of [Gr] . 1. Let G := Z 8 =< a >, and χ : Z 8 → C * be the character defined by χ(a m ) = e 2πim/8 . Let V := χ ⊕ χ 3 = sp{e 1 } ⊕ sp{e 2 }, where a · e 1 = χ(a)e 1 and a · e 2 = χ(a 3 )e 2 , and let u := a 4 (so u |V = −1). Then any B ∈ S 2 V can be represented by a symmetric 2 × 2 matrix with respect to the basis (e 1 , e 2 ). We claim that A (G, V, u, B 1 ) , A(G, V, u, B 2 ) are isomorphic if and only if
where Z 2 is generated by the matrix 0 1 1 0 , D := Aut G (V) is the group of invertible 2×2 diagonal matrices, and the action is given by d·B := dBd, for all d ∈ Z 2 ⋉D. So, the set of isomorphism classes is
or by a → a 3 , so η is represented either by a matrix of the form a 1 0 0 a 2 for a 1 , a 2 = 0, or by a matrix of the form 0 b 1 b 2 0 for b 1 , b 2 = 0. Thus, the claim follows from Corollary 2.2. 2. Let G, χ, u be as in 1, and let V := χ⊕χ 5 = sp{e 1 }⊕sp{e 2 }, where a·e 1 = χ(a)e 1 and a·e 2 = χ(a 5 )e 2 (so u |V = −1). As before, we claim that the set of isomorphism classes is S 2 V /Z 2 ⋉ D. Indeed, in this case S 2 V = 2χ 2 ⊕ χ 6 , so as before we have (S 2 V ) G = 0, and the result follows in a similar way to case 1. 3. Let G = Z 4 × Z 2 =< a > × < b > . Let χ : Z 4 → C * be the character defined by χ(a m ) = e 2πim/4 , χ + : Z 2 → C * the trivial representation, and χ − : Z 2 → C * the non-trivial representation. Let V := (χ, χ + ) ⊕ (χ, χ − ), and u := (a 2 , 1). Then u |V = −1. We claim that, as in the previous two cases, the set of isomorphism classes is
Also, it is straightforward to check that in this case the only allowed non-trivial automorphism φ : G → G is the one determined by a → a, b → ba 2 , which interchanges (χ, χ + ) with (χ, χ − ). Hence the result follows in a similar way to cases 1,2. Now, comparing this with [Gr] , it is easy to see that the above three families of Hopf algebras A (G, V, u, B) * exactly coincide with the families of [Gr] . In detail, the family in example 3 corresponds to the family in [Gr] with G(H) = Z 4 × Z 2 , and the families of examples 1 and 2 correspond to the two families in [Gr] for G(H) = Z 8 (Line 2 and Line 4 of Table 15, respectively). More precisely, it is not hard to check that under this correspondence, the lifting parameters (λ 1 , λ 2 , λ 3 ) of [Gr] are related to our parameter B via the formula B = λ 1 λ 3 /2 λ 3 /2 λ 2 . The theorem is proved.
Remark 4.2. The equivalence relation between the lifting parameters (λ 1 , λ 2 , λ 3 ) is thus defined by (λ 1 , λ 2 , λ 3 ) ∼ (t 2 λ 1 , s 2 λ 2 , tsλ 3 ), t, s = 0, and (λ 1 , λ 2 , λ 3 ) ∼ (λ 2 , λ 1 , λ 3 ). This is exactly the equivalence relation which occurs in [Gr] (see the web version of [Gr] ; math.QA/0110033). In this section we describe the algebra structure of the Hopf algebra A (G, V, u, B) * . We start by recalling the definition of a Clifford algebra.
Definition 5.1. Let V be a finite-dimensional vector space, and B a symmetric bilinear form on V. The Clifford algebra Cl (V, B) is the quotient of the tensor algebra T (V ) by the ideal generated by all elements of the form vw + wv − 2B(v, w)1, for all v, w ∈ V (e.g. Cl(V, 0) = ΛV ).
Note that the algebra Cl(V, B) has a unique structure of a superalgebra, determined by requiring V to be odd. Recall also that Cl(V, B) has a filtration determined by letting v ∈ V have degree 1, so that grCl(V, B) = ΛV, and hence dim(Cl(V, B)) = 2 dim(V ) . Finally, recall that if V 1 , V 2 are finite-dimensional vector spaces, and B 1 , B 2 are symmetric bilinear forms on V 1 , V 2 respectively, then Cl(
, where ⊗ denotes the tensor product of superalgebras.
The main result of this section is the following theorem.
where h = {g, gu}, and B h denotes B g = B gu .
In particular, Theorem 5.2 implies the following. 1. A g is a subcoalgebra for all g ∈ G, so A * g is a subalgebra for all g ∈ G and
Proof. The first part is clear from equation (1), and the second part follows from Proposition 5.5.
Assume now that we have fixed a central element u ∈ G such that u 2 = 1 and u |V = −1. Then we can consider the Hopf algebra A (G, V, u, B) . We now wish to study the algebra structure of A (G, V, u, B) * . Recall that if (C, ∆) is a supercoalgebra, then one can define a coalgebra (C, ∆) = (C, ∆) such that C = C[Z 2 ] ⊗ C = C uC, (i.e. Z 2 is generated by u, with u 2 = 1) and
, for all x ∈ C, where p(x) denotes the parity of x, ∆ 1 (x) ∈ C ⊗ C 1 and ∆ 0 (x) ∈ C ⊗ C 0 . Then, we have the following two straightforward results.
where Z 2 acts on C * by parity.
Proof. Follows from Proposition 5.7(1).
We can now prove Theorem 5.2. Proof of Theorem 5.2. For any h ∈ G/ < u >, set A h := A g A gu , where g ∈ G represents h. By Propositions 5.7(2),5.9 and Lemma 5.8,
But this is by definition, equal to Cl V * C, B − B h 0 0 1 , as desired.
finite abelian categories with infinitely many tensor structures
In this section we show that a finite abelian category (i.e. a category of the form Rep(A), A a finite-dimensional algebra) may admit infinitely many non-equivalent tensor structures with a fixed Grothendieck ring.
We start by formulating a theorem of Schauenburg. Although it will not be needed, we will give a slightly generalized version of this theorem. Proof. Using the same proof as in Section 4.2 of [EG] , one can show that if there exists a tensor equivalence Rep(H 1 ) → Rep(H 2 ), which preserves ordinary dimensions of objects, then H 1 , H 2 are twist equivalent. So, it is sufficient to show that in the finite-dimensional case, this property of a tensor equivalence is automatically satisfied.
Consider the Grothendieck ring of Rep(H 1 ), with the distinguished basis formed by the irreducible objects V 1 , . . . , V n . Let V ∈ Rep(H 1 ), and consider the operator L V on the Grothendieck ring of Rep(H 1 ), given by left multiplication by V (W → V ⊗ W ). Then L V is represented by a matrix whose entries are non-negative integers. This matrix has an eigenvector (dim(V 1 ), . . . , dim(V n )), with positive entries, corresponding to the eigenvalue dim(V ). But then, by the Frobenius-Perron Theorem, dim(V ) is the largest real eigenvalue of L V . Therefore, dim(V ) is preserved by any tensor equivalence, as desired.
Remark 6.2. Theorem 6.1 was proved in [S] (by a different method) under the assumption that H 1 , H 2 are finite-dimensional Hopf algebras.
As a consequence of Schauenburg's theorem we have the following. is a generic complex number.
Remark 6.5. As we already mentioned in the introduction, Ocneanu showed that such examples cannot exist for finite abelian semisimple categories. On the other hand, it is well known that there exist semisimple abelian categories which are not finite (i.e. have infinitely many irreducible objects) and admit infinitely many distinct tensor structures with the same Grothendieck ring. For example, let g be a finite-dimensional complex semisimple Lie algebra. Then the representation category of U q (g), for a generic complex number q, is the same as the representation category of U (g), as an abelian category. However, as tensor categories, these categories are distinct (up to the symmetry q → q −1 ), although their Grothendieck rings are the same.
appendix
The argument used in the proof of Proposition 3.3 relies on the following standard proposition from algebraic geometry. Proof. Clearly, the lemma follows from Lemma 7.2: we can take Z := Ly.
Proof of Proposition 7.1. The proposition follows from Lemma 7.3 since it implies that the orbits of L on Y s are disjoint open subsets of Y, so the number of such orbits has to be finite.
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